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Abstract
Configurations of fivebranes, twobranes and fourbranes in type IIA string theory, which
give (1+1) dimensional supersymmetric gauge theories in the low energy limit, are
constructed. It is shown that these brane configurations are equivalent to a certain
class of matrix string theories. This opens up an avenue for the investigation of matrix
string dynamics via the geometry of brane configurations in type IIA string theory.
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Recently, there has been much progress in the investigation of the non-perturbative
dynamics of three and four-dimensional supersymmetric Yang-Mills theories in the
context of a ten-dimensional superstring theory and eleven-dimensional “M theory”.
Among many important discoveries, the following two sets are remarkable.
1. A non-perturbative duality called “mirror symmetry” of three-dimensional(d=3)
supersymmetric Yang-Mills theory was explained by means of a certain brane
configurations of Neveu-Schwartz(NS) type and Dirichlet(D)-type embbeded in
10dim type IIB superstring theory by Hanany and Witten [1]. A similar brane
configurations in type IIA string theory which is responsible for dualities of four-
dimensional(d=4) supersymmetric Yang-Mills theories (“Seiberg dualities”) was
found by Elitzur et al [2]. This sort of brane configurations proved to be very
powerful also in the investigation of the structure of Coulomb and Higgs branch
of d=4 [3] and d=3 [4] supersymmetric Yang-Mills theories.
2. A proposal was made by Banks et al. [5] that non-perturbative type II string
dynamics (or M theory dynamics) can be captured by means of an appropriate
large N limit of U(N) supersymmetric quantum machanics. This theory takes
a form of a matrix theory which describes M theory dynamics and hence it is
called M(atrix) model. This model was generalized to a so-called “matrix string
theory” [6], [7], [8] which is U(N) supersymmetric (1+1) dimensional field theory
i.e. a string theory. A matrix string theory in the presence of the longitudinal
fivebranes was studied by Witten [9], in the context of (1+1) dimensional super
Yang-Mills theory and was shown to be related to a moduli space of instantons
of Yang-Mills theory on R4
In this paper, we intend to unify these two approaches. To do so, we construct
a new set of models with brane configurations embedded in type IIA string theory.
The crucial difference from the models constricted so far, is that our model has two-
dimensional spacetime(d=2). (In contrast to d=3 or d=4 in the previous models)
Surprisingly, our model turns out to be the same as a matrix string theory in the
presence of longitudinal fivebranes. Thus, we find relationship between Hanany-Witten
brane configurations with d=2 space-time (generalization of first approach) and matrix
string theories (second approach).
This opens up a possibility of investigating complicated problems of non-perturbative
dynamics of 4 dimensional Yang-Mills theories, such as moduli space of instantons,
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which has arisen in the second approach [9], by means of much simpler problems in
the first approach in the geometry of corresponding brane configurations in superstring
theories.
To show how our model works in the investigation of non-perturbative aspects of
4 dimensional theory, we study one-instanton moduli space of U(k) gauge theory by
means of correponding brane configuration.
Now let us construct our model. First, we consider the following brane config-
uration in type IIA string theory in ten dimensional Mikowski space (x0, x1, · · · , x9).
The left(right)-moving supercharges QL(QR) satisfies the following conditions since the
theory is non-chiral.
QL = Γ
0
· · ·Γ9QL, (1)
QR = −Γ
0
· · ·Γ9QR. (2)
The configuration involves three kinds of branes which are:
(1) NS fivebranes with world volume (x0x1x2x3x4x5). These branes preserve super-
charges of the form ǫLQL + ǫRQR, with
ǫL = Γ
0
· · ·Γ5ǫL,
ǫR = Γ
0
· · ·Γ5ǫR. (3)
(2) D fourbranes with world volume (x0x1x7x8x9). These branes preserve supercharges
satisfying
ǫL = Γ
0Γ1Γ7Γ8Γ9ǫR. (4)
(3) D twobranes with world volume (x0x1x6) which preserve supercharges satisfying
ǫL = Γ
0Γ1Γ6ǫR. (5)
Comparing the conditions of (3) and (4), we find that configurations of NS5 branes
and D4 branes preserves one quarter of the original supersymmetries. The condition for
the supercharges on D2 branes does not break the supersymmetries further. Therefore,
one quarter of the original supersymmetries are preserved in the presence of these three
kinds of branes.
We consider the dynamics on the world volume of n twobranes suspended between
NS5 branes, and k fourbranes are placed at values of x6 that are between the position
of two NS fivebranes (Fig 1).
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The world volume of D2 brane is three dimensional but it has only a finite length
in x6 direction (the distance between NS5 branes), so macroscopically, the twobrane
dynamics is (1+1) dimensional. The original supersymmetry is N=2 in ten dimensions
which is equivalent to N=16 in (1+1) dimensions. Since the brane configuration breaks
one quarter of the supersymmetries, the unbroken supersymmetry is N=4 in (1+1)
dimensions. Hence, this brane configuration describes a 1+1 dimensional N=(4,4)
supersymmetric U(n) gauge theory with k hypermultiplets.
This model is not a matrix string theory as it stands, since a matrix string theory
has N=(8,8) supersymmetry [6], [7], [8]. This discrepancy, however, can be avoided
easily, if we compactify the model in the x6 direction. Compactifying the model and
identifying the two NS5 branes, we obtain a brane configuration which looks like that
in Fig 2. This kind of brane configuration is not so peculiar as it looks at first sight
and it was considered in d=3 [4] and d=4 [3] contexts, and known that supersymmetry
is enhanced.
In the present case, n D2 branes intersecting the NS5 brane produce a hypermul-
tiplet in an adjoint representation of U(n). These hypermultiplet in the adjoint and
singlet representation of U(n), together with U(n) vector multiplet form an N=(8,8)
U(n) vector multiplet. This multiplet together with k hypermultiplet Hα(α = 1, · · · , k)
in the fundamental representation of U(n), coincide with the field content of the matrix
string theory with k longitudinal fivebranes. (longitudinal fivebranes in M theory are
seen as D4 brenes in type IIA string theory.)
In fact, there are further evidences to believe that our brane configuration is equiv-
alent to matrix string theory in the presence of k longitudinal fivebranes. The latter
theory is studied previously by Witten [9] in the context of N=(4,4) d=2 supersym-
metric Yang-Mills theory obtained from N=1, d=6 theory by dimensional reduction.
According to Ref. [9], the six dimensional theory has an SU(2) R symmetry K which
acts trivially on the gauge fields while the bosonic fields in the hypermultiplets trans-
form with K=1/2. Upon dimensional reduction to 2 dimensions, six dimensional gauge
fields split into a two dimensional gauge fields plus scalars φi(i = 1, 2, 3, 4). The di-
mensional reduction produces an extra SO(4) R symmetry groups, under which scalars
φi transform as vectors and the scalars in the hypermultiplets are invariant.
In fact, these two R symmetries, SU(2) and SO(4) can be seen explicitly in our brane
configuration. In our brane configuration in type IIA string, the Coulomb branch of
the low energy effective U(n) gauge theory in (1+1) dimensions, is depicted in Fig 3.
D2 brane can move in x2, x3, x4, x5 directions, since its endpoint should move in the
3
world volume of NS5 brane, which is (x0, x1, x2, x3, x4, x5). D2 brane motion has SO(4)
symmetry corresponding to the rotation of the (x2, x3, x4, x5) coordinates of D2 brane
position. This symmetry appears as R symmetry SO(4) in the low energy effective
gauge theory in (1+1) dimensions. The D2 brane position (x2, x3, x4, x5) transform
as a vector representation of the rotation group SO(4), which corresponding to the
fact that scalars φi transform as vectors of SO(4) R symmetry. The D4 branes which
represent matter hypermultiplets, are invariant under this rotation, which corresponds
to the fact that hypermultiplets are invariant under this R transformation.
Now, in our brane configuration in type IIA string, the Higgs branch of the low
energy effective U(n) gauge theory in (1+1) dimensions, is depicted in Fig 4. In this
case, D2 brane break up on the world volume of D4 brane, which is (x0, x1, x7, x8, x9).
Therefore, D2 branes can move in (x7, x8, x9) directions, and this motion has SO(3)
symmetry, the double covering of which is SU(2). This SU(2) can be identified as the
SU(2) R symmetry K in the (1+1) dimensional effective theory.
Thus, we have seen that our configuration in type IIA string (n D2 branes, k D4
branes and a NS5 brane) is equivalent to matrix string theory with gauge group U(n) in
the presence of k longitudinal fivebranes. The latter theory was studied by Witten [9],
in the context of (1+1) dimensional N=(4,4) supersymmetric U(n) gauge theories and
it was shown that the Higgs branch is the moduli space of n-instantons of U(k) gauge
theory on R4. Combining this fact with our results, it turns out that non-perturbative
aspects of four dimensional gauge theories, such as the structure of instanton moduli
space, can be determined by an investigation of Higgs branch of brane configurations
of type IIA string considered here.
To show how our model works, in the investigation of instanton moduli space of
four dimensional gauge theories, we can consider the simplest example, i.e. n=1 and
an arbitrary k. The moduli space of one-instanton solution of U(k) gauge theory on
R4 can be studied by this example. This is equivalent to the Higgs branch of (1+1)
dimensional N=(4,4) supersymmetric U(1) gauge with k hypermutiplets.
The corresponding brane configuration of type IIA string is found, by our corre-
sponce between brane configuration and matrix string. It is depicted in Fig 5. x7, x8
and x9 values of the points on D4 branes, where D2 brane terminates, are related to the
expectation values of scalars in the matter hypermultiplets. The matter hypermulti-
plets of U(1) gauge theory is equivalent, from the point of view of N=2 supersymmetry,
to a pair of multiplets A and B, with U(1) charge +1 and −1. For the D4 brane #1,
the relation between vacuum expectation value of the scalars in the corresponding hy-
4
permultiplet A,B and x7, x8, x9 values of the point where D2 brane comes in, is as
follows:
x7 = A1A¯1 − B1B¯1, (6)
x8 + ix9 = A1B1, (7)
x8 − ix9 = A¯1B¯1. (8)
For i-th D4 brane, the relation is found to be:
x7 =
i∑
j=1
(AjA¯j − BjB¯j), (9)
x8 + ix9 =
i∑
j=1
AjBj , (10)
x8 − ix9 =
i∑
j=1
A¯jB¯j . (11)
Due to the compactification in the x6 direction, right-most D2 brane in Fig 5, is
identified with left-most D2 brane.
The following conditions are imposed due to this fact.
k∑
j=1
(AjA¯j −BjB¯j) = 0, (12)
k∑
j=1
AjBj = 0, (13)
k∑
j=1
A¯jB¯j = 0. (14)
A moduli space is a space of solutions of gauge theory modulo gauge equivalence.
Therefore, Aj , Bj differing by U(1) gauge transformation
Aj → e
iΛAj , Bj → e
−iΛBj (15)
should be identified. The D2 brane can detach from the NS5 brane and move in
x7, x8 and x9 directions. Then, the Neumann condition on the boundary of the D2
brane, which is A6 = 0, A6 being the sixth component of the gauge field, is re-
laxed and A6 can have non-zero value. Thus, the moduli space of one-instanton solu-
tion of U(k) gauge theory on R4 is 4k dimensional hyperka¨hler manifold spanned by
(x7, x8, x9) values of D2-brane position w7, w8, w9 and the value of A6 together with
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(Aj , Bj, A¯j , B¯j)(j = 1, · · · , k) with the conditions (12)(13) and (14), with the identifi-
cation (15). From the point of view of the low energy effective N=(4,4) supersymmetric
gauge theory in (1+1) dimensions, the conditions (12)(13) and (14) are interpreted as
vanishing of three components od D-terms in N=(4,4) supersymmetric gauge theory
D0 = 0, D+ = 0, D− = 0. The conditions (12)(13) and (14) together with (15), coin-
cides with the conditions derived by Witten [9], in the context of (1+1) dimensional
N=(4,4) supersymmetric gauge theory.
This is just the first example to demonstrate how our model works in the investiga-
tion of instanton moduli space of gauge theories in four dimensions. There are many
directions to pursue by means of our method. Inspecting the Higgs branch of the
brane configuration which gives U(n) gauge theory with k hypermultiplets, we could
determine the n-instanton moduli space of U(k) gauge theory on R4. The relationship
between our brane configuration and ADHM construction of instanton moduli space
would also be quite interesting to pursue. How the structure of Coulomb branch of
(4,4) supersymmetric field theories in two dimensions studied in Ref. [10], arises in our
brane configuration might be another interesting problem. Works along these lines are
now in progress.
Using our brane configurations, one can find a new fact on matrix string theory,
which is so non trivial at the level of matrix string theory that the use of our brane con-
figurations is indispensable. This is the duality (“mirror symmtery”) between matrix
string theories.
Under T-duality transformation in x2-direction to our branes, they are transformed
as follows; D4 branes with world volume (x0, x1, x7, x8, x9)→ D5 branes with world vol-
ume (x0, x1, x2, x7, x8, x9), D2 branes with world volume (x0, x1, x6) → D3 branes with
world volume (x0, x1, x2, x6) while NS5 branes with world volume (x0, x1, x2, x3, x4, x5)
remain unchanged.
These branes are just the ingredients of the original Hanany-Witten brane config-
urations which give (2+1) dimensional gauge theories in the low energy limit.
In Hanany-Witten model [1], there is an SL(2,Z) symmetry or S-duality of the
underlying type IIB string theory which results in the “mirror symmetry” of the effec-
tive three-dimensional gauge theories. Under this duality transformation, NS5 branes
are transformed to D5 branes, and vice versa. Under this SL(2,Z) transformation fol-
lowed by R-transformation which exchanges (x3, x4, x5) with (x7, x8, x9). NS5 branes
with wolrd volume (x0, x1, x2, x3, x4, x5) are transformed to D5 branes with world vol-
ume (x0, x1, x2, x7, x8, x9), and vice versa.
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In order to go back to (1+1) dimensional matrix string theory, we perform T-
duality transformation again. Then NS5 branes remain unchanged, whereas D5 branes
are changed to D4 branes and D3 branes to D2 branes.
Therefore, under the successive application of T-duality, S-duality and T-duality
transformation, the space-time dimension of effective gauge theory is transformed as
follows
(1 + 1)dim
T
−→ (2 + 1)dim
S
−→ (2 + 1)dim
T
−→ (1 + 1)dim (16)
and the branes are transformed as follows
D4
T
−→ D5
S
−→ NS5
T
−→ NS5
NS5
T
−→ NS5
S
−→ D5
T
−→ D4
In sum, D4 branes are transformed into NS5 branes, and NS5 branes are transformed
into D4 branes under this TST-duality transformation.
Let us consider the brane configuration of 3 NS5 branes, 2 D4 branes and n D2
branes of left-hand side of fig.6. The corresponding matrix string theory has a gauge
group of U(n)3. There matter hypermultiplets in the fundamental representations
(n, 1, 1) and (1, n, 1) of the gauge group and in the bifundamental representations
(n, n¯, 1), (1, n, n¯) and (n¯, 1, n).
Under the TST-duality transformation, D4 branes are changed to NS5 branes,
and vice versa and the resulting brane configuration in that of the right-hand side
of fig.6. The corresponding matrix string theory is now a U(n)2 gauge theory with
matter hypermultiplets in the fundamental representations, (n, 1), (1, n) and (1, n)
and bifundamental representations, (n, n¯) and (n, n¯).
Thus, we have found a pair of matrix string theories which are dual under TST-
duality transformation. Finding this duality between this pair of matrix string theories
without the use of brane configuration is quite difficult, if not impossible. Therefore,
our correspondence relation between matrix string and brane configurations is indis-
pensable in the study of matrix string theories.
Furthermore, we can find self-dual (self-mirror) model. Consider the configuration
od fig.7, where the same number of NS5 and D5 branes are located in the order. The
matrix string theory corresponding to the left-hand side is U(n)2 gauge theory with
hypermultiplets in the representations, (n, 1), (n, 1) and (n, n¯), (n¯, n). Exchanging D4
7
branes by NS5 branes, we obtain the brane configuration of the right-handed side,
which is again the same matrix string theory. Therefore the model is self-dual.
Actually, essentially the same duality transformation as the TST-duality transfor-
mation considered here has been applied to a simpler model by Brodie [11]. He applied
it to k D4 branes and no NS5 brane model, and obtained k NS5 branes and no D4
brane. We have applied the same duality transformation to models where D4 branes
and NS5 branes coexist. Therefore, we have generalized Brodie’s dual pairs to more
general and large class of pairs.
After completion of the original version of this work, we became aware of the pa-
pers [11],[12] which overlap a part of our results. The discussion of the TST-duality
transformation was added in revision.
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FIGURE CAPTIONS
Fig 1: Brane configuration of D=2 N=(4,4) supersymmetric U(n) Yang-Mills with k
hypermultiplets.
Fig 2: Brane configuration of D=2 N=(4,4) supersymmetric U(n) Yang-Mills with
adjoint, singlet, and k fundamental hypermultiplets.
Fig 3: Coulomb branch configuration of D=2 N=(4,4) supersymmetric U(n)
Yang-Mills theory with adjoint and singlet hypermultiplets.
Fig 4: Higgs branch configuration of D=2 N=(4,4) supersymmetric U(n) Yang-Mills
with adjoint, singlet, and k fundamental hypermultiplets
Fig 5: Higgs branch configuration of D=2 N=(4,4) supersymmetric U(1) gauge
theory with singlet and k matter hypermutiplets.
Fig 6: The left-hand side figure is brane configuration of supersymmetric U(n)3 gauge
thoery with (n, 1, 1), (1, n, 1) fundamental hypermultiplets and (n, n¯, 1), (1, n, n¯),
(n¯, 1, n) bifundamental hypermultiplets. The right-hand side one is that of U(n)2
gauge theory with (n, 1), (1, n), (1, n) fundamental hypermultiplets and (n, n¯), (n¯, n)
bifundamental hypermultiplets.
Fig 7: Self-mirror brane configurations of supersymmetric U(n)2 gauge theory with
(1, n), (1, n) fundamental hypermultiplets and (n, n¯), (n¯, n) bifundamental
hypermultiplets.
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